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The Helmholtz equation describing transverse magnetic modes in a closed ﬂat microwave resonator with 
60 randomly distributed discs is numerically solved. At lower frequencies, the calculated wave intensity 
spatially distributed obeys the universal Porter–Thomas form if localized modes are excluded. A superpo-
sition of resonant modes is shown to lead to rare events of extreme intensities (freak waves) at localized 
“hot spots”. The temporally distributed intensity of such a superposition at the center of a hot spot also 
follows the Porter–Thomas form. Branched modes are found at higher frequencies. The results bear re-
semblance to recent experiments reported in an open cavity.
© 2010 Elsevier B.V. Open access under the Elsevier OA license.1. Introduction
A freak or rogue wave is deﬁned as a sudden, large and steep 
wave pulse whose height is at least 2.2 times the signiﬁcant wave 
height (SWH) which, in turn, is deﬁned as the average height in 
the largest third of waves in a wave train. In the ocean, the SWH 
of surface waves may routinely reach 10 meters in bad weather 
conditions. In such a rough sea state, steep walls of water with 
heights between 20 and 30 m may be formed without warning, 
thus posing a potentially destructive threat to ships and offshore 
oil rigs. Giant waves are expected and do occur in the presence of 
counter propagating warm and cold currents, but perhaps those do 
not qualify as freak waves because they are not as surprising. On 
the other hand, a linear superposition of random Fourier modes 
may result in rogue waves, but with a probability prohibitively 
small. Actually, satellite images demonstrate that these extreme 
events occur in high seas more often than the prediction of the 
linear model. Lately, several features of freak waves in both ran-
dom oceanic sea states [1–3] and nonlinear optical ﬁbers [4] have 
been successfully simulated by numerical solutions of the nonlinear
Schrödinger equation.
In a recent paper, Höhmann et al. [5] reported interesting 
room-temperature experimental results on freak microwaves in the 
linear regime. The experiments in [5] have been performed in a ﬂat 
rectangular resonator whose bottom plate supported 55 to 60 brass 
cones, randomly distributed, thus with a smooth potential which 
might play the analog role of depth variations in the sea bed.
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doi:10.1016/j.physleta.2010.12.036Each cone has diameter 2.5 cm and height 1.5 cm. The bare res-
onator has dimensions 36.0 cm × 26.0 cm × 2.0 cm, and is open
along the perimeter. Besides “branching structures” in the station-
ary microwave ﬂow through the resonator at high frequencies, the 
authors in [5] found so-called “hot spots”, which were associated 
with large deviations from the Rayleigh’s distribution at high in-
tensity values. In this work, we consider a closed model version 
of the transmission experiments described in [5], namely, a closed 
two-dimensional rectangular cavity with the same in-plane dimen-
sions (36.0 cm × 26.0 cm), with 60 small hard scattering disks
randomly distributed in its interior. Numerical solutions of the un-
derlying Helmholtz equation with Dirichlet boundary conditions 
are shown to exhibit intriguing similarities with the microwave ex-
periments reported in [5].
Previously, localized modes in a disordered cavity have been 
extensively studied in microwave experiments by Sridhar and co-
workers [6]. In particular, deviations from the Porter–Thomas dis-
tribution for the wave intensity in cavities with 36 and 72 scat-
terers were reported in [6a], which were attributed to localization. 
Here, all disks have the same diameter 0.6 cm and are assumed 
to have the same cavity thickness d. Thus, all modes are two-
dimensional for frequencies f < c/2d, where c is the speed of 
light. One may include three-dimensional resonant modes, as did 
the authors in [5], but here we investigate the two-dimensional 
ones only, for simplicity. Assume d is small enough (c/2d ∼ 25 GHz
for d = 6 mm) and that the longer dimensions of the cavity lie in
the x–y plane. Thus, it is well known that the z-component of the 
electric ﬁeld for transverse magnetic modes in such a cavity obeys 
the Helmholtz equation [7,8](
∂2
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Ez(x, y) = 0, (1)∂x ∂ y
266 F.M. de Aguiar / Physics Letters A 375 (2011) 265–270Fig. 1. Density plot of the numerically calculated microwave intensity I ∼ |Ez(x, y)|2, corresponding to the lowest eigenfrequency ( f = 2.346 GHz) in a 26.0 cm × 36.0 cm
two-dimensional resonator with 60 scattering disks (white dots) randomly distributed. Each disk has a diameter 0.6 cm. The color code on the right indicates the wave
intensity in arbitrary units.
Fig. 2. Higher order (n = 240) resonating mode calculated at f = 9.460 GHz, exhibiting a “hot spot” close to the rightmost cavity border.where k = 2π f /c, with boundary conditions, say, Ez(x = 0, y) =
Ez(x = 36.0 cm, y) = Ez(x, y = 0) = Ez(x, y = 26.0 cm) = 0.
Ez must also vanish at the border of each scattering disk. Solutions
of Eq. (1) in this disordered medium were obtained with a ﬁnite
element method previously used to simulate experiments in quan-
tized billiards [9,10] and vertical cavity surface emitting lasers [11].
In the following, we refer to the intensity I ∼ |Ez(x, y)|2.
2. Numerical results and discussion
Fig. 1 shows the standing wave intensity pattern corresponding
to the ground state at f = 2.346 GHz, displayed through 166,361
pixels. Let n denote the order of a solution of Eq. (1) (n = 1 for the
ground state). For low values of n, most modes exhibit a localized
nodal region, such as the one in Fig. 1. For a comparison with theexperiments of Ref. [5], we have sought localized modes at higher
frequencies, particularly when the wavelength becomes compara-
ble to the mean distance between the scattering discs. A number
of such modes were found for n > 200. In Fig. 2 we show the one
with n = 240 and resonance frequency f = 9.460 GHz. In the same
arbitrary scale of Fig. 1, where the localized peak in the ground
state does not exceed an intensity of 0.03, at the center of the
“hot spot” at the right-hand side in Fig. 2 one observes an inten-
sity larger than 0.06. With the origin at the lower leftmost corner
of the resonator, as suggested by the boundary conditions above,
the center of the hot spot in Fig. 2 is located more precisely at
(x, y) = (35.000 cm,11.154 cm). We then followed the time evo-
lution of the microwave intensity at that position when there are
N modes simultaneously excited in the cavity. Following [5], we
write such superposition as
F.M. de Aguiar / Physics Letters A 375 (2011) 265–270 267Fig. 3. A freak wave event at the center of the hot spot shown in Fig. 2, at time
tmax = 23,201.35 ns after the initial condition. Only waves with intensities larger
than 1.86 qualify as freak waves in the long record. (Watch the behavior of the
corresponding standing wave pattern in the video (Movie 1) in the online version
at doi:10.1016/j.physleta.2010.12.036.)
ψ(x, y, t) =
N∑
j=1
E( j)z (x, y)exp
[
i(2π f jt + φ j)
]
. (2)
Here, E( j)z (x, y) is the solution of Eq. (1) at frequency f j and φ j
is a random phase factor. Now the intensity I ∼ |ψ(x, y)|2. In the
transmission experiments of Ref. [5], N = 150 stationary patterns
have been used with randomly chosen frequencies normally dis-
tributed about the experimental hot spot frequency of 9.5 GHz.
Here, we use N = 70 resonating modes randomly chosen about
the calculated frequency of 9.460 GHz, corresponding to the hot
spot shown in Fig. 2, with a standard deviation of 1 GHz. In a
time series with 1,000,000 points, corresponding to an interval of
50,000 ns, we found 197,192 intensity peaks at the centre of the
hot spot shown in Fig. 2. The average intensity in the largest third
of that record was 0.385, in the same arbitrary units of Figs. 1
and 2. Multiplying this mean value by the factor (2.2)2 = 4.84,
we obtain the number 1.86, that might be regarded as the min-
imum intensity required for a “freak wave” event in that record.
Based on this criterion, only 12 peaks among the 197,192 recorded
qualify as rogue wave events. In Fig. 3 we show the one occur-
ring at t ≡ tmax = 23,201.35 ns after the initial condition, with an
intensity of 2.460, about forty times the hot spot intensity peak
shown in Fig. 2. In Movie 1 (the video can be found online at
doi:10.1016/j.physleta.2010.12.036) we provide the time evolution
of the intensity corresponding to that superposition in the whole
cavity and in a time interval of a few nanoseconds centered in
the freak wave event shown in Fig. 3. Notice that most of the 70
modes do not exhibit a pronounced localization feature at the po-
sition of the hot spot shown in Fig. 2. That is why only rarely a
coherent superposition leads to extreme events at that position.
In order to compare the intensity distribution with existing for-
mulae and experimental data, we need to normalize the intensity
by dividing I by its mean value 〈I〉. Let I˜ = I/〈I〉 denote the nor-
malized intensity. For an open system with a permanently radiat-
ing source, the intensity distribution of the traveling waves must
obey the Rayleigh law [12a], namely,
P R( I˜) = exp(− I˜). (3)
In closed disordered systems, a universal Porter–Thomas (PT)
distributionFig. 4. Spatial intensity distribution calculated for 12 resonating modes in the in-
terval 7.5 GHz < f < 11.0 GHz. The gray histogram includes hot spots, which are
absent in the white histogram. The red line is the Rayleigh law, the blue (brown)
dashed line is drawn from Eq. (3) with γ = 23.5 (16.0). The black solid line is the
Porter–Thomas distribution. (For interpretation of the references to color in this ﬁg-
ure legend, the reader is referred to the web version of this Letter.)
PPT( I˜) =
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2
)
(4)
is expected, provided “bouncing ball” modes and localized modes
are excluded, as reported in microwave experiments in [6a] and
conﬁrmed in the numerical experiments here. In between, there
is the important challenging class of disordered open systems. In
1998, Mirlin, Pnini and Shapiro (MPS) [12b] calculated a formula
for the intensity distribution of monochromatic waves propagating
in the particular case of a quasi-one-dimensional random medium
that supports a point source and a point detector. The MPS for-
mula, which has been used to ﬁt microwave data in [5], reads
PMPS( I˜) ∝ exp
{
−γ
2
[
ln2
(√
1+ 2 I˜
γ
+
√
2 I˜
γ
)]}
, (5)
where the parameter γ is proportional to the dimensionless con-
ductance [12]. The grey histogram in Fig. 4 shows the calculated
spatial intensity distribution for twelve representative modes of
our resonator in the frequency interval between 7.5 and 11.0 GHz.
This corresponds to ca. 2,000,000 pixels. Four of these modes are
hot-spot like resonances, with local intensity peaks at different
positions. The white histogram in Fig. 4 was also obtained from
twelve modes, but with the four localized modes replaced by ex-
tended ones. Similarly to the experiments in [5], the hot-spot-free
distribution goes downward. Here, as in the experiments in [6a],
it approaches the universal PT distribution (black solid line in
Fig. 4). For comparison, the red line in Fig. 4 is the Rayleigh law,
the blue dashed line is the MPS distribution for γ = 23.5 (used
to ﬁt data in [5]), and the brown dashed line is the MPS for-
mula with γ = 16.0. In principle, it might sound nonsense to use
Eq. (5) to ﬁt our data, given that we are dealing with a closed
two-dimensional system. However, for arbitrary dimensionality d
and large intensities, one might expect a decay slower than the PT
result, through [12a]
P ( I˜) ∼ exp
[
− β
4κ
lnd(κ I˜)
]
, (6)
where β = 1 (2, 4) for the orthogonal (unitary, symplectic) sym-
metry class of random matrix theory, and κ is proportional to the
inverse of the conductance in both d = 1 and d = 2. Eq. (6), which
268 F.M. de Aguiar / Physics Letters A 375 (2011) 265–270Fig. 5. Temporal intensity distribution calculated at the center of the hot spot in
Fig. 2, for a random superposition of 70 resonant modes (Eq. (2)), and 0 < t <
50,000 ns. As in Fig. 4, the red line is the Rayleigh law, and the brown dashed
line is drawn from Eq. (3) with γ = 16.0. The black solid line is the Porter–Thomas
distribution. (For interpretation of the references to color in this ﬁgure legend, the
reader is referred to the web version of this Letter.)
is valid for I˜  κ−1, has a form analogous to the MPS formula at
large intensities
PMPS( I˜  γ ) ∼= exp
[
−γ
8
ln2
(
8
γ
I˜
)]
.
Thus, the behavior of our closed two-dimensional cavity might
not be very far from the one expected for the disordered one-
dimensional waveguide studied by MPS at large intensities.
By ﬁxing the position at the center of the hot spot shown in
Fig. 2, we ﬁnd essentially the same distribution of intensities in
a time sequence due to the linear superposition given in Eq. (2),
with a downward deviation from the PT distribution at higher in-
tensities, as shown in Fig. 5. In the long time series, 〈I〉 = 0.119,
so that in Fig. 3 I˜freak = Ifreak/〈I〉 = 2.46/0.119 = 20.7. That corre-
sponds to the rightmost vertical bar in Fig. 5. This freak wave has
less than half intensity of the one experimentally studied in [5],
which was built with more than twice the number of modes used
in the superposition here. Notice that most of the 70 modes in our
superposition do not exhibit individually a localization feature at
the hot spot position in Fig. 2. Thus, differently from the spatial in-
tensity distribution, the hot spots do not exhibit a clear signature
in the local temporal intensity distribution.
Localized modes in the disordered medium might play a role
analogous to the solutions associated to periodic orbits in sim-
ple classically ergodic geometries. In order to observe the quan-
tum signatures of chaos in the level dynamics in the semiclassical
regime, one must eliminate these solutions from the spectrum,
usually breaking all geometric symmetries in the boundary. Here,
by excluding the localized modes, we somehow keep the modes
that better reﬂect the classical ergodicity of the system, namely,
the extended modes.
In the past ten years, scanning probe techniques allowed the
imaging of electron ﬂow in semiconductor devices, both in zero
magnetic ﬁeld and in the quantum Hall regime. The microwave
experiments of Ref. [5] were primarily motivated by one of these
results, namely, the observation of branches in images of electron
ﬂow in a high-mobility two-dimensional electron gas (2DEG) at
low temperature and zero magnetic ﬁeld [13]. These branches have
been associated with small-angle scattering of the carriers by the
random potential induced by ionized donor atoms, assumed to be
ﬁxed at cryogenic temperatures. Ray-tracing of the classical trajec-
tories revealed branching structures similar to the observed ones.
The same classical ray simulation was used in [5]. Here we showFig. 6. Calculated branched modes in our two-dimensional cavity. Top: 33.04 GHz.
Bottom: 35.69 GHz. These are to be compared with the measured standing mi-
crowave pattern shown in Fig. 2 of Ref. [5] at frequency 30.95 GHz.
that the observed microwave pattern observed in [5] might as well
be compared with “branched” two-dimensional resonating modes.
For instance, in Fig. 6 we show the standing wave patterns numer-
ically calculated with eigenfrequencies 30.04 GHz (top panel) and
35.69 GHz (bottom panel). There are striking similarities between
the two panels in Fig. 6 and the experimentally observed pattern
at 30.95 GHz shown in Fig. 2 of Ref. [5]. One may observe there
the presence of nodal lines, which are quite visible in both pan-
els in Fig. 6. Notice that in the experiments by Topinka et al. [13],
fringes at half the Fermi wavelength were observed in the images
of the electron ﬂow, thus underscoring the coherent wavelike na-
ture of electron transport in the 2DEG.
Now we simulate the effect of moving a small antenna along
a line segment in a channel between the scattering disks on
both intensity and resonance frequency of the localized mode
shown in Fig. 2. For that we add a smaller disk at initial position
(x0, y0) = (20.0 m,11.0 m) and move it rightwards along the line
y = 11.0 m. The wave pattern of the hot-spot like mode closest
to 9.460 GHz, for 15 frames in the interval 20.0 m x 29.0 cm,
where x is the horizontal coordinate of the “antenna”, is shown in
the Movie 2 that accompanies the online version of this Letter (the
video can be found online at doi:10.1016/j.physleta.2010.12.036). In
Fig. 7 we plot the highest intensity as a function of x for that par-
ticular hot spot, and in Fig. 8 the corresponding eigenfrequencies.
While the intensity may vary by a factor of 3.3 along that line seg-
ment, there is only a small red shift (∼ 40 MHz) in the resonance
frequency in the vicinity of x = 28.0 cm. This might be relevant for
transport experiments through a smooth potential, in which hot
spots may disappear depending on the position of the antenna [5].
Another feature observed in the experiments described in [5] is
the variation of the hot spot position as the frequency is swept.
The transmission spectrum of the open cavity studied in [5] is
not available. In the literature, broad resonances, with linewidth
	 f ∼ 0.5 GHz, were observed in scattering experiments through
n-disk geometries around 10 GHz by Sridhar and co-workers [6b].
We take that as a reference. In our model, there are 20 eigen-
modes of the cavity in the interval 	 f = 0.316 GHz centered at
F.M. de Aguiar / Physics Letters A 375 (2011) 265–270 269Fig. 7. Intensity ﬂuctuation of the hot spot shown in Fig. 2, as an extra smaller
disk moves along the line y = 11.0 cm on the segment deﬁned by the interval
2.0 cm  x  29.0 cm. (Watch the behavior of the corresponding standing wave
pattern in the Movie 2 in the online version at doi:10.1016/j.physleta.2010.12.036.)
Fig. 8. Variation of the hot spot frequency, as an extra smaller disk moves along the
line y = 11.0 cm on the segment deﬁned by the interval 2.0 cm x 29.0 cm.
(Watch the behavior of the corresponding standing wave pattern in the Movie 3 in
the online version at doi:10.1016/j.physleta.2010.12.036.)
9.460 GHz, the frequency of the “hot spot” in Fig. 2. The calcu-
lated eigenfrequencies in this range, in GHz, are: f (1) = 9.281,
f (2) = 9.288, f (3) = 9.297, f (4) = 9.347, f (5) = 9.353, f (6) =
9.363, f (7) = 9.401, f (8) = 9.419, f (9) = 9.439, f (10) = 9.460,
f (11) = 9.470, f (12) = 9.487, f (13) = 9.503, f (14) = 9.523, f (15) =
9.541, f (16) = 9.543, f (17) = 9.548, f (18) = 9.581, f (19) = 9.588,
and f (20) = 9.597. In this regime of poor experimental resolution,
a comparison with the microwave data might be made more real-
istically in terms of superpositions of the corresponding wavefunc-
tions E(n)z . Here we consider, for instance, a wave packet comprised
of ﬁve neighboring eigenfunctions with the form
Ez = 1
3
E(n−2)z +
√
2
3
E(n−1)z +
√
3
3
E(n)z +
√
2
3
E(n+1)z + 13 E
(n+2)
z ,
(7)
with 3 n  18. The resulting intensity, |Ez|2, as the frequency is
swept in the interval 9.460 ± 0.158 GHz, is shown in the Movie 3
that accompanies the online version of this Letter (the video can
be found online at doi:10.1016/j.physleta.2010.12.036). This calcu-
lation clearly demonstrates how the pronounced peak associatedwith the “hot spots” may persist in a broad frequency interval, and
move from place to place as a result of the change of the eigen-
modes that constitute the superposition, as the frequency is varied.
This result is also in qualitative agreement with the observations
reported in [5].
3. Conclusions
In sum, we have performed numerical experiments in a pla-
nar microwave cavity with tens of randomly distributed scatter-
ers. We observe “hot spots” at lower frequencies, where a random
superposition of resonant modes induces rare events of large am-
plitude pulses that might be regarded as freak waves. Temporal
and spatial (ensemble) intensity distributions satisfactorily agree
with the universal Porter–Thomas distribution of random matrix
theory. Given that ﬂat microwave resonators and two-dimensional
inﬁnite quantum wells are isomorphic, this might be seen as a
quantum signature of ergodicity in a classically chaotic system.
In addition, “branches” associated with resonating standing wave
patterns are observed at higher frequencies. Finally, we demon-
strate that a superposition of a few modes might explain the
persistent and wandering behavior of “hot spots” in a frequency
interval as large as 0.5 GHz. Most of these results are analogous
with the experiments recently reported in Ref. [5] in an open
microwave resonator. It is important to recall that the complex
reﬂection coeﬃcient Γ for a short microwave circuit (Γ = −1)
and that for an open circuit (Γ = +1) are on the unit circle of
a Smith chart, i.e., both open and short circuits share the same
magnitude ρ0 ≡ |Γ | = 1. In other words, ideally, both have inﬁnite
standing wave ratios VSWR = (1+ρ0)/(1−ρ0). At present, it is not
clear how that fact might have affected the transport experiments
in [5], but given the qualitative similarities presented here, we be-
lieve that one might not entirely discard resonance phenomena as
a possible physical mechanism for the experimental observations
reported in [5]. Localized modes, either due to hard-walled scatter-
ing elements, such as the disks used here, or to smooth potentials,
such as the cones used in [5], indicate us where we should expect
to observe, with a better chance, a rare freak wave pulse result-
ing from a linear superposition of, say, N modes. That has been
demonstrated in [5] for N = 150 and here for N = 70 modes, with
lower intensities, but still satisfying the standard criterion for a
rogue wave event. In this sense, the formation of such linear freak
waves does not seem to depend strongly on the particular type of
scatterer. On the other hand, as mentioned in the introduction, the
threatening steep-wall “monster” waves more frequently observed
in random oceanic sea states, seem to be better described by the
nonlinear model, as reported in [1–4] and [14].
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Appendix A. Supplementary material
Supplementary material related to this Letter can be found on-
line at doi:10.1016/j.physleta.2010.12.036.
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